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Abstract. The characteristic features of the reversive desif optimal controls such as
acceleration-deceleration of the translational orof objects as absolutely rigid bodies from the
initial state to the final state of absolute querste with the assignment (as initial data) of thret

of movement and distance are revealed. The influ@idhe degree of the specified displacement
polynomial on the energy intensity of the optimawement is estimated. The examples show that
when implementing the control design algorithm (e form of polynomials), there appear
functional-criteria that confirm the optimality obntrol synthesis.
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yIpaBJICHUH, CHIDKCHHE YJHEPTOCMKOCTH JBIIKCHHUS.

AHHOTauusl. BrvIABICHBI XapakTepHBIE OCOOCHHOCTH  PEBEPCHOHHOTO  KOHCTPYHPOBAHHS
ONTUMAJIFHBIX YTIPABICHUH THIIA Pa3rOH-TOPMOXKCHHE TIEPCHOCHBIM JBIKCHHEM OOBEKTOB Kak
abCOJIFOTHO TBEP/BIX TEI U3 UCXOMHOTO B KOHEYHOE COCTOSTHHE abCOIFOTHOTO TOKOS ¢ 3a1aHueM (B
KAuecTBe MCXOIHBIX JAaHHBIX) BPEMEHH IBHXKCHHS M paccTosHus. OICHEHO BIMSHHUE CTCTICHH
3aaBacMOTO TOJIMHOMA TIepEeMEIeHHs Ha YHEPrOEMKOCTh ONTHMAaJIbHOTO ABIDKeHUs. Ha mpumepax
MOKa3aHo, YTO TP peajn3allii alTOPUTMa KOHCTPYHPOBAHHS YIpaBicHuii (B BHE MOIMHOMOB)
MOSIBIISFOTCS (DYHKIIMOHAJIBI-KPUTEPUH, TIONTBEPIKIAFOIINE ONTUMAITBHOCTh CHHTE3a YIIPABIICHUIA.

Introduction

The extremality of the matter’'s motion was mostcassfully and rigorously
noted by L. Euler in his work “The Method for Findi Curved Lines Having a
Maximum or a Minimum?”. L. Euler writes: “Nothing paens in the world in which
the meaning of any maximum or minimum would notvisble;... all phenomena
of the world can just as well be determined frora fimite causes ... so from the
producing causes “.

This statement to a certain extent echoes theamaufated in 1829 K. Gauss
principle of least coercion [1]. The modern pladethe principle in dynamics is
quite fully reflected, for example, in work [2].
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In the theory of optimal control, the Pontryaginxmmaum principle (PMP),
the discovery of which the article [3] is devotexicentral. The justification of the
PMP is also possible from the standpoint of thessital calculus of variations
(Lagrange problem).

With the development of reversion calculus [4] iorlw [5], as a result of
generalization of the algorithm for solving the queate inverse problem of
variation calculus (from a given analytical functjobtaining Euler's equation and
restoring the functional-criterion), the reversipnnciple of optimality (RPO) is
justified and formulated, which is extended to swvthe problems of synthesizing
control by translational movement of elastic sysem

The recovered reversibly functional-criterion fboetminimum possible time
of movement, determined from moment relations ilatree motion, takes the
minimum value.

The use of optimal control design algorithms igstrated using examples of
control of movement of engineering objects [6, 7].

Noteworthy is the remark given in the reference k@8]: "In general,
however, it is quite difficult to construct the fttional J(y) according to a given
differential equation.” Fairly simple cases of ftional recovery when solving
complete inverse problems of variational calculgssummarized in table [5].

And until now, due attention has not been paid he testoration of
functionals for the specified functions. In praetid is possible to appear new types
of functionals that were not previously used in thgks of synthesizing optimal
controls.

The purpose of the researthto systematize and analyze the propertieseof th
designed controls for the objects motions.

Control Design Examples
1. At polynomial degree: = 3 for the displacemer(t) a polynomial is
accepted

6
s(h=> Gt (1)
=1
with boundary conditions:
S(0)=0, V(0)=0; S(T)=L WT=0 (2)

L — predetermined displacement- total motion time.
The skew symmetry conditions are as follows:

2 dt \ 2

Constantg;...Cs are found from a system of linear algebraic equatiusing
the functionsolve(Maple).

After the factorization of polynomials, expressiars obtained fof(t), V(t),
U(t). So the displacement
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Lt2(5T 3 -10T %t+ 10%T - 43)

S(t) = =

4)
and accordingly follows:
dS(9 daV()
V() =—=, U)=——=. 5
(t) ot ®) . )
Polynomial (1) is a solution to Euler's equation:
6
LYy, T g
dt dt
The equations (6) correspond to functionals:

T 2 T( 3a)2
du d-s
j — | dt wm j == dt 7)
dt dt3
0 0

The following is an example of how to solve a perblin Maple.

> restart; # [Ipumep ucnonv306anus NOAUHOMA O 3a0aHUs nepemewerus (n=3)
>8§:=C68 +C5-f' +C4£ + C3-£ + C2:t+ CI :

>V i=diff (S,t) : U= diff (V. t) : dU = diff (U, 1) :

2t:=0:L1=8=0:L2:=V=0: t:=7T:L3==dU=0:L4== U=0:

(6)

>t:=T:L5:=8S—L=0:L6:=V=0:
> solve({LI, L2, 13,14, L5, L6}, {CI, C2, C3, C4, C5, C6});

C1:O,C2:O,C3:i,C4:fIOL lOL, --AL

L C5=
7> 3 a s

>Cl=0:C2:=0:C3:= %:C4:=—10—3L:C5 = 1O—L:C6==—4—§:
T T ™ T
>t :="t" U:= factor(U); V := factor(V); S = factor(S);
10L (T —2¢)° . 10Lt(-t+T) (1> —2Tt+27)
. ; 7°
LA(STP =107t +10T4 —47)
TS
2. At n = 5 the following polynomial is used

8
s(h=> ¢t (8)
j=1
with addition of skew symmetry conditions
2 3
d_U(Ij =0, M(Ij 0. ©)
dt® \ 2 dt3 \ 2
After defining the constants, the expression tpldsement takes the form:
Lt?(21T° - 70T %+ 1407 %%- 16843+ 11 + 32°

3-|—7

U=

S=

S(9 =

(10)
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and respectively (t) :%, U(t) :%.

Euler's equations in this case:

8
d Séb=0 WITH 06%(‘)=0. (12)
dt dt
To these equations correspond to functionals:
T( a2\ T( 44c)
[ d—LZJ dt wm | d—f dt. (12)

An example of obtaining expressions for displacetnerelocity and
acceleration (in Maple) from universal analytic de@encies is given below.

> restart; # Ipumep ucnoavb3068anus YHUBEPCALbHbIX AHATUMUYECKUX 3A6UCUMOCTEN

07151 nepemeuyenus, CKOpoChu v yCKOpeHus.

L (T—24)" "2
>9:= . - d—1!-
= T T [ T T AT
_ n
Ln 4 2) L(2n+4)(TT2t)
Sp.==\U7T2 ( _(T—2.prtlpn-1 : —
Yy (1= 9 ). v )
>n=1: 8= simplify(S); V = simplify(V); U = simplify(U);
2 fa— —_— —_—
> g Lt (31; 21¢) . 6Lt(13" t) LU= 6L(T3 21) :
T T T
> #

>n =38 = simplify(S); V = simplify(V); U = simplify(U);
>g LA(STP—10T% ¢+ 10T — 47) . 100:(7P =372t +474 —27) :
° °
10L(T—21)°
7 '

>U:=

> #
>ni=15: §:=simplify(S); V = simplify(V); U = simplify(U);

sg L L2207 70T+ 14072 — 168727 + 1127 —327)
3 77
>y 14 LT 157+ 4072 —607°F +48 T — 167°)
3 77
U= LT =207
T

The criteria for action (according to Lagrange) asmergy spent on the
implementation of movement confirm a decrease énethergy intensity of optimal
movement with an increase in the degree of polyabniihe action (according to

2
o mL
Lagrange) decreases faster than the spent enétbeg. action limit tends te_l_—,
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2
then the energy tends tren% It can be argued that energy is an action per uni

time.

As the polynomial degree increases at times0 andt = T when moving
from the initial quiescence state to the final guence state, the maximum
acceleration values (by absolute value) increagenpi®tically. In this case, the
maximum velocity value at timé = T/2 decreases asymptotically. Graphs of
displacement, velocity and acceleration at diffeptynomial degrees are given in
Fig. 1, 2.

The possible limit energy is calculated€ 1 kg,L =1 m,T=1s) as:

T2
W= lim 2m[ U(9 V(] dt=1.

n- oo
0

The graph of energy versus polynomial degr‘é(sn) is shown in Fig. 3.
40) =1

n=25

0 02 04 06 0S8 1, s 70 02 04 06 08 14, s
i f
Fig. 1. Graphs of displacemersi$) and velocitied/(t) at different polynomial degrees
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Fig. 3. Grap;h ol ( n)
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2 2
o mV<(T/2
Kinetic energy tends t# = m(TLj , but for all casesn(= 1, 3,

5,...) the set purpose of motion is achieved irefl'rr(S('I’) =L W= O).

-
The criterion of the power norr]ﬁU 24t "compromises itself," i.e. increases.
0

This is due to an increase in absolute valudg(df
Some generalized motion characteristics are pregdentTable 1.

Tab. 1. Generalized motion characteristics

Action .
Degree Power| (Lag- Velocity
of the : . at norm | range Energy | \,(T)_
oly- Expressions _for a(_:celeratlon at T| at ! /2 2
POY" | (control), velocity, displacementt= 0t =— |t =TT, 2. | form) 2fuvdt| .,
nomial 2 IU dt| - 0 = [udt
n o [Vt -
0
U(t):6L(T—2t) 6L | O |_6L| 1217 | 1,22 | 2,292 1,50
T T? M| T T | T T
_BLE(T —t) 3L
s(9=1C 37-29) oLt
T3 2
10L 3 10L 10L|4,28a2 1,111% | 1,562% | 1,25
U(t):?(T—Zt) Tz 0 EAEE T T2 T
10Lt (T —t)(2* — 2Tt+ T?
3 |v="t0o0A A
T 4T
Lt2(5T°-10T2t+ 1a°T- 4°) L
S(t) = _
(9 5 o5 |L
_14L 5 141 141 17,8182 1,0722 | 1,361% | L1167
u(t) ?(T 2t) T | 0 T T T = =
5 _ 4 3.2
V(t):l4Lt(3F 155 t+ 40°),
3T
- 243 4_ 5
5 ALt 60t 74511 16° ) 0 7L 0
3r 6T
2 5_ 4 342
(9= Lt?(21T 7322 t+ 140°%° ),
20_ 2.3 4_ 5 L
SLreesrity -3 | g | Lo
31’ 2
Conclusions

1. The results of analytical calculations are sunwed in a Table 1 that
allows to analyze the properties of the designedrots.

2. Optimal control of acceleration-deceleration etyppy object during
movement from initial to final state of quiescericespecified distance and time of
motion are identified and investigated. In factthathe increase in the degree of the
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acceleration polynomial, an excess part of the ggnefor acceleration and
deceleration is taken away.

3. The features of using the algorithm for solvithge complete inverse

problem of variational calculus (called reversiaeg disclosed. With the increase in
the degree of the control polynomial (translatioaateleration), energy costs to
achieve the purpose of movement are reduced.

4. In the practical implementation of this type aantrol, it is possible to

replace it (for example, &< 7) with energy-equivalent controls while maintaigi
the possibility of achieving the specified motiamrpose.
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