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PEI'YJIAPU3ALUS IUHEWHBIX MHTET PAJIbHBIX YPABHEHUI
BOJIBTEPPA TPETBEI'O POJA C OIIEPATOPOM YMHOKEHUS HA
HEYBBIBAIOHIYIO ®YHKIIUIO
Kapaxkees T.T., byzyoaeea K. T.

KnaroueBble cioBa: YpaBHenue Bombpreppa; HeyObBaromas (yHKIUS; METOX PpeTyJsipH3aluy,
€IMHCTBECHHOCTh PELICHNST; PABHOMEPHAsI CXOJMMOCTbh; MaJIbIi apameTp.

AnHoTauus. B cTatbe paccMarpuBaeTcs TMHEHHOE HHTETpabHOE ypaBHEHHE BonbTeppa TpeThero
poaa ¢ OmepaTopoM YMHOXKEHHSI Ha HEMPEPHIBHYIO HEYOBIBAIONIYI0 (DYHKIHIO W C HEHNPEPHIBHBIM
SIpOM, KOTOpPOE BBIpOXKIAaeTCs Ha JuaroHanu. IIpenmonaraercsd, 4YTO pelIeHHE YpaBHEHUS
CYIIECTBYET M NMPHHAUIC)KUT NPOCTPAHCTBY HENPEPhIBHBIX QYHKIMH. C MOMOIIBI0 00bETUHEHHOTO
orepaTopa IMOJIy4eHO JIMHEHHOE MHTEerpalbHOe YpaBHEHHE ¢ HeyObIBaromeil (yHKUueH, KoTopoe
SKBHUBAJEHTHO B CMBICIIE pa3pelIMMOCTH HCXOJHOMY WHTErpalbHOMY YypaBHeHUto. JlokasaHa
TeOpeMa O PaBHOMEPHOM CXOJUMOCTU PpEUICHUS PEryjsipU30BAHHOIO YPAaBHEHUS K TOYHOMY
pEIICHUI0O HCXOIHOrO YypaBHeHHs BombTeppa TpeThero poma B IIape. YCTAHOBJICHBI YCIIOBHSA,
obecrieuynBaoNIIMe eANHCTBEHHOCTh PELICHHSI MHTETPAIBHBIX ypaBHEHNI Bonbreppa Tpersero poaa
B IIIape.

REGULARIZATION OF VOLTERRA LINEAR INTEGRAL EQUATIONS
OF THE THIRD KIND WITH THE MULTIPLICATION OPERATOR TO
NON-DECREASING FUNCTION
Karakeev T.T., Bugubaeva Zh.T.

Keywords: Volterra equation; non-decreasing function; regularization; uniqueness of the solution;
uniformly convergence; small parameter.

Abstract. In article, the Volterra linear integral equation of the third kind with the functional of
multiplication to continuous non-decreasing function is considered. It is supposed, the equation
solution exists and belongs to space of continuous functions. The theorem about a solution uniform
convergence of the regularized equations to the exact solution of Volterra input equation of the third
kind in a full-sphere is proved. The conditions ensuring uniqueness of a solution of Volterra integral
equations of the third kind in a full-sphere are established.

Bompockl  €AMHCTBEHHOCTM W YCTOWYMBOCTH PELICHUS HHTErpalbHBIX
ypaBHeHM BonbTeppa TpeTbero poaa usydeHsl B padotax [1, 2, 4, 5]. B pabote [4]
JIOKa3aHO  CYIIECTBOBAHME CEMEWCTBa  MHOTONApaMETPUUECKUX  pelIeHUM
JMHENHBIX UHTETPAJIBHBIX YpaBHEHMI Bonbreppa Tpersero pona. EXMHCTBEHHOCTH
pelIeHNs Perysipu30BaHHOIO JIMHEHHOI0 HMHTErpalbHOro ypaBHeHHs BombTeppa
TPETHETO poJia paccMoTpeHa B [ 1, 3].

B nannHoli pabore paccMaTpuBaeTcs JIMHEWHOE WHTErpalbHOE YpaBHEHHE
Bonbreppa Tperbero pona, B ciydae, KOrja M3BecTHas (YHKLHUS BHE MHTErpasa
oOpaliaercst B HyJIb B Hadajle OTpe3Ka MHTErPUPOBAHMUS.

PaccMoTpuM uHTErpanbHoe ypaBHeHHe BonbTeppa TpeTbero poaa
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B MPEINOJIOKEHUH, dYTo JuIs 3amaHHbix  ¢Qyskouid  p(x), g(x), K(xt)
BBIITOJHSFOTCS YCIOBUS:

a) p(x) - veyorBaromas Gpynkuus, p(0) = 0, (x) > 0, Vx € (0,b],
p(x),g(x) € C[0,b],  g(0) = 0;
0) K(x,t) eC(D),K(x,x) =0, D={(x,t)/0 =t =x = b};
B) G(x) = d, G(x) = Copz(x) + (1 + Clg(x))K(x, x),
0 < dq, Cy, Cy = const.
Heiicteyem omeparopom [ + CoJ + C;T na ypaBuenue (1), rme | -
€IMHUYHBIN onepaTop, Ju T - oneparopsl BonbTeppa BI/I,Z[a [2]

(Jv)(x) = fp(t)v(t)dt (Tv)(x) = f K(t,t)u(t)v(t)dt.
0

us ypaBHeHI/ISI (1) monyuum
X X

p(x}u(x}+f6(t}u(t}dt ZfL(x, tu(t)dt +

0 0
x x

+lep0(t)u2(t}dt + leu(t)dtf Ko (s, )u(s)ds + f(x), (2)
0

0 t
x

e L(x, t) = K(t,t) — K(x,t) — Cy f p(s)K(s,t)ds, po(x) = p(x)K(x,x),

Ko(x, ©) = Kt 0K (x, D), £ = 9@+ o [ P35O

PaccMmoTpuM ypaBHEHHE ¢ MaJIBIM IapaMeTpoM € u3 untepnaia (0,1)
X X

(5 + p(x})u:‘E (x) +f G(t)u,(t)dt = f L(x,t)u, (t}dt+61fp0(t} X
0 0 0
X uZ(t)dt + leua (t)dtho(s, t)u.(s)ds + u(0) + f(x). (3)
0 t

C mnoMomBI0 PE30JNbBEHTH  spa (—G (t)/ (e + p(x))) ypaBHeHue (3)

MIPUBEJEM K CIEAYIOIIEMY BULY

ua(x) = -

1 FG(s) G(t)
s+p(x)!e”’ _tfﬁp(s)‘“ e pD

t
f[L(t, s) —L(x,s)|u.(s)ds — f L(x,s)u_.(s)ds —
0

t
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x t x

—lepo(s)ug (s)ds — leus(s)dsfk’o(v,s} u.(v)dv —

t 0 t
x x

—C f u, (s)dsf Ko(v,s)u.(v)dv + f(t) —f(x)] dt +

t

e+ p(x) %

X exp _6” - f—(;()s) ds u’ L(x, t)u.(t)dt + Clal.Po(f)u.g(t)dt‘F

+C; f u, (t}dtf Ky(s,t)u.(s)ds + cu(0) +f(x)] = (Au,.)(x). (4)

0 ¢
BBenem o603HaueHUS
Q[0,b] = {u(x) € C[0,b]: [u(x) — uy| = 1y, 0 < uy, 1y = const};
: = ‘1, P= My = K(t, t)|dt|.
I*llcro,n1 x?’g[%ﬁ]l I max lp(0)|, 0 = max. f |K(t, 0]
0
ITycts  ©.(x), ©.(x) € Q[0,b]. OueHum  pa3HOCTb  ONEPATOPOB

(Au.)(x) — (At )(x). [Ipou3Bens BBIYUCICHUS, TIOJYYUM CICAYIOIINE OLICHKH
£ e Y yd y

FG(s) )6
_few(s) “erp@

N t
m! exp J[L(x, s) — L(t,s)] X

X [T, (s) — 1. (s)]ds + f L(x,s)[u.(s) — i, (s)]ds] dt| =

t
< (2Lgbds* +2Cob(Lgb? + 2Mp))lIE (x) — 1. () llcqo ),

rae 0 < Ly — koaddunment Jlunmmuna siapa K (x, t) mo nepBoMy aprymeHry,

! exp —f 6(s) ds fL(x,t)[ﬁE(t)—ﬁE(t)]dt =

e+px) J e+ p(s) .

< (Lgbd '(1+ CoPb/2) + CoPb)e ™ [t (x) — iz ()lcpop);
c, fexp _f G(s)ds \ G(D)

s+p(x)0 J £+ p(s) s+p(t)t

= 4C; Mor ([t (x) — U (Ol cpo,» e 1 =Ty + Up;

po()[W2(s) — @i2(s)] dsdt| =

Cq G(s ~
et p) P !Hp( ) fpo(t)(u () —az()dt| =

< 2C;Pre u. (x) — 1, (x:}"C[O,b]!
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x X .
! G(s) G(b)
mlew _!s+p(g)ds c 10D fug(S)ds!Ko(v,s)x

0

X X

=

X [w.(v) — . (v)]dv + f U, (s)dsjk’o(v,s) [t (v) — 1, (v)]dv] dt

t 5

< C1r(Lib? + 2Mo) | (x) — 1 ()l o, )5

X X

G4 G(s) ~ N
Tp(x)exp _(.)f & -|—‘p(g) ds {6[ [ua(t} _ua(t)]dt X

X X X

X | Kp(s,t)u.(s)ds + | u.(t)dt | Ky(s,t)[u.(s) —t.(s)]ds
f 0 € f € f 0 £ € ]

t 0 t
< C;r(Lib* + 2Mp)e Hu(x) — i ()l cjo,p)-
B urore, u3 (6) BeITEKaeT ciieyrollee HEPaBEHCTBO

1 (AT.) (x) — (At ) () ll¢po,p) = qllTe () — e (Ol cpo,m), (5)
rae q = 2(Lpbdi " + 2C,Mor + (Cob + C117) (Lib? + 2My)) +

+ (Lebdi (1 + CoPb/2) + CoPb + Gy (Lih? + 2(Mo + P))) e L.

=

Iycts oneparop (H.u)(x), 3a1an B BUjE

FG(s) | 6D
fe+p(s) *evp@

) = Of ex | - ) — u(®)] dt

t
X

- f 946} ) — uco.

Terp@ T\ e

Jas || (Hzw)(x) |l cjo,5) uMeeT mecTo onenka [1]
I(H) () llpo,07 < 4(dye) e P ()l cpo,p) + wu(£F), (6)
me w,(eF) = sup u(x) —u(®)l, 0<f<1.
|lx—t|=ef
Teopema. ITycTh BBIIONHSIOTCS YCIOBHS a) - 6), ¢ < 1 u ypaBHenue (1)
umeer pemienne u(x) € C[0,b]. Torma mpu & — 0 pemenne ypaBHeHust (4)
PaBHOMEPHO CXOJUTCS K pelieHuto ypaBHeHus (2). [Ipu aToMm cipaBeyiiBa onieHKa

It () = u(@) llegop) < (4(dre) e PluCx)lcpo ) + wu(£F)) /(1 — ).

Jloka3zareabcTBo. [IprbaBiM B 00e yacTu ypaBHeHHsI (2) BenmUuuHy eu(x) u
IIPUBEAEM ITO YPABHEHUE K BULLY

x t
_ 1 G(s) G(t)
u(x) = _Tp(le exp —f e T () ds e fL(t, syu(s)ds —

0
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t

x x t
—j L(x,s)u(s)ds — lepo(s)uz(s)ds + leu(s)dsf Ky(v,s) u(v)dv —
0 t 0

5
X

—C f u(s)dsf Ko(v, s) u(v)dv + g[u(t) —u(x)] + f(t) — f(x}] dt +
0

5
X

1 F G 4
i 0P (_ f € +(;23) ds) U Lx, ) u(t)dt + Clj po(t) u*(t)dt +
0 0

0

X X

+C; f u(t}dtf Ky(s,t) u(s)ds + elu(x) — u(0)] +f(x}]. (7)
HOJ‘I(?)KI/IM 1. (xt] = U, (x) — u(x). Torga us (4) u (7) moay4nM ypaBHEHHE

17 FG(s) G(t)
e+p()) exp(tfsw(s)ds)sw(t)x

t x
X {f L(t,s)n.(s)ds —J L(x,s)n.(s)ds —

0

Ne (x} - -

t

Po(5)[tte (5) + (). (8)ds + €y f 1e()ds [ Ko(v, )u()av -

5

1

x t 2

na(s}dsf Ky(v,s) u(v)dv + leu(s}dsf Ko(v,s)n.(v)dv —

s 0 s
x

u(s}dsf Ky(v,s)n.(w)dv + e[u(t) — u(x)]

£

1 ; G(s) -
a0 (‘JE +p(s>ds) Lfﬂ(x,mna(r)m

X X X

+61 [ PoOue®) + u@Me e + € [ .00t [ Kols Dyu()ds +
0

t

_Cl

—Cy dt +

Dt"—_“ﬁHDL‘_—“"HWt"—“"H

X X

+leu(t)dtf Ko(s,0) ne(s)ds + e(u(x) —u(O})]. (89)

0 t
VYuureiBas (5), u3 (8) moxyunm

17 () llego,py = (Hw) Gl o, /(1 — q)-
Orcrona, B cuny (6), cnenyet, uto |[17:(x)|l¢ro,51 = 0, npu € — 0. ITockombKy
N.(x) =u.(x) —u(x), o npu € —> 0 ¢yaxaus u,(x) — u(x) paBHOMEpPHO.
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Teopema qokaszaHa.

CaencrBue. [Ipy BBINOIHEHUM YCJIOBUN TEOpEMBI pelieHUE ypaBHEHMs (1)

€IUHCTBEHHO B Q[0, b].
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