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Abstract. This paper examines the original method of catmgathe volume of an n-dimensional
ball, based on the definition of the body surfaeaan Minkowski.

BBIUHNCJIEHUE IIJIOIIA A N-MEPHOM C®EPHI C TIOMOIIbIO
HHTEI'PAJIA ITYACCOHA
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KatoueBnle cioBa: unrerpan Diinepa-Ilyccona, N<cdepa, 00beM N-MepHOTO HIapa.
AnHoTanms. B Hacrosell 3aMeTke paccMaTpUBAETCS OPUTMHAIBHBINA CIIOCOO BBIYMCIICHUS 00beMa
N-MEpHOro 1Iapa, ONUPasCh HA ONpPEJeJIEHUE MIOIAAN NOBEPXHOCTH Tea M0 MUHKOBCKOMY.

A ball and an ellipse are necessary to describepdamyetary system. For a
student at an aerospace university, it is importariie able to obtain the volumes
and areas of their multidimensional analogues. @asethe sources of [1-3], this
paper proposes one of the options for solvingpghblem.

The set of points of an n-dimensional space whasgdmates satisfy the
condition

2 2 2
G(a,...,.a,) Z:{XD R" :%+%+...%s }

It called n-dimensional ellipsoid, foa, =...=a, =a it goes into a ball of
radiusa. We will denote such a ba,, its n-dimensional volum& (B,), ball
border, (n — 1) -dimensional sphere and its (n -eithensional “area”, respectively
w, =0B,, S,(w,). Whena = 1, for convenience, we pMt =V, (B,), S, =S, (w,).

Variable Replacemenk; =ay,; j =1...,n, has a jacobian transitioh=a",
consequently,

Vn(Ba)=J-J‘...J-dxi...d>§] =”I a"dy,..dy, =a"Vv.(B,).
B, B

Similarly, changing variablesx; =a,y;;a, >0;j =1....n, has a jacobian
transition| = a,...a, and converts an n-dimensional ellips@da,,...,a, injo a unit

ball, thereforeV (G(a,...,a,)) =4...aV,. Calculating the constanV¥,, we get

formulas for the volume of an n-dimensional balll @m ellipsoid.
Because we already know the dependence of the wohfnthe ball on the
radius, then
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= [[fonan=ax  [Jfoxax, = fo-x)7 e,

X2 +...x2<1 X2+, x2, <1-x2
We indicate the relationship between the n-dimera@iovolume of the ball
V,(B,) and (n — 1)- dimensional area of an (n—1)-dimeralisphereS, (w, ). From
geometric considerations, it is clear that, by agalwith the volume of an n-
dimensional ball, for (n—1)-dimensional sph&gw,)=a""s, (w,)=a""s,. From

the definition of a derivative{VH(Ba))' =S (wa), here the derivative is taken along

the length of the radius
Therefore
dv,(B,) _daV _
w,)=—"1 1l = n=pa'V,.
Silen)==5 === :
and therefore nV, =S, — relationship between the volume and area ohglesin-

ball.
The well-known Euler-Poisson integral

| = Te‘xzdx:\/ﬁ.

We calculate the n-degree of the Euler-Poissomyiatefirst replacing it with

a multiple integral over the entire spaB8, and then we reduce it to a repeated
integral, and take the first integral over the (fh)—dimensional sphere of radius r,
and then integrate over r from Odto

(\/1_'[)” =1"= ([Re’xzdx)n = jRn e dx =]: e dr j ds ,

2 2_.2
Xi . X =T

[ds =s,() =r"'s,(w)=r""s,,
then we obtai:;r"\zn;(r)llowing equality.
(\/T_T)n = Te‘rzr”‘lsndr = SnTe‘rzr”‘ldr
The integral, in the last equality,ois reduced gaanma function by means of
a replacement.

Ie’rzr“‘ldr:\r2=t,dt:2rdr\:£e th% 2dt== j eit2 dt—%r(zj

-1

We obtain the equation f&,, solving it, we findS, = ZH{F(ED :

n -1
respectivelyS, (w,)=S,a"* = 2Tt2a”‘1(l'(gD :
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SincenV, =S, then

n n n n

5o 20 o Ty (B) =N, (Glay ) = T

V = -V (B, .
r(”uj r(”+1j
2 2

XoKE
2 2

Note that the formula for the surface area of thpseid is absent here.
However, back to the volume of the n-dimensiondll F&r the cases of even
and odd n, we obtain the formulas
. _ 22n)’
V2n - V2n+1 a4}
n (2n+1)
The first three meanings are well knowW, =2, V,=1=3,141593,

V, =4—; =4,18879.

We write four more values\/4:§= 4,934802,V5=%= 5,263789,

V, = % =~ 5167713V, = 16r

—= 4,724766.

~

Note that for the dimension of space we can writevrd the formula
n :[Vn]—l, which is true for the first three values, for thext two values there is

equality n=[V,]. We will increase the dimension. The volume of mgki cube

does not change and remains equal to unity. Andsz¢theme of an n-dimensional
ball, with an unlimited increase in dimension, terid zero. This follows from the
fact that factorial grows faster than any powercfion. So, if we consider the
volume of an n-dimensional ball as a function & thmension of space, then as n
increases, this function tends to zero. This fumchias only one extremum n = 5.

The probabilistic meaning of this fact is as follovfsa point is randomly
thrown into a single n-dimensional cube containangart of an n-dimensional ball
lying in the first orthant, then the probabilityathwe get into the ball tends to zero
with increasing dimension.
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