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Abstract. This paper examines the original method of calculating the volume of an n-dimensional 
ball, based on the definition of the body surface area in Minkowski. 
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Аннотация. В настоящей заметке рассматривается оригинальный способ вычисления объема 
n-мерного шара, опираясь на определение площади поверхности тела по Минковскому. 
 

A ball and an ellipse are necessary to describe any planetary system. For a 
student at an aerospace university, it is important to be able to obtain the volumes 
and areas of their multidimensional analogues. Based on the sources of [1-3], this 
paper proposes one of the options for solving this problem. 

The set of points of an n-dimensional space whose coordinates satisfy the 
condition 
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It called n-dimensional ellipsoid, for aaa n === ...1  it goes into a ball of 

radius а. We will denote such a ball aB , its n-dimensional volume ( )an BV , ball 

border, (n – 1) -dimensional sphere and its (n – 1) -dimensional “area”, respectively 

aa B∂=ω , ( )anS ω . When а = 1, for convenience, we put ( )1BVV nn = , ( )1ω= nn SS .  

Variable Replacement njayx jj ,...,1; == , has a jacobian transition naI = , 

consequently, 
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n
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Similarly, changing variables njayax jjjj ,...,1;0; =>= , has a jacobian 

transition naaI ...1=  and converts an n-dimensional ellipsoid ),...,( 1 naaG  into a unit 

ball, therefore nnnn VaaaaGV ...)),...,(( 11 = . Calculating the constant nV , we get 

formulas for the volume of an n-dimensional ball and an ellipsoid. 
Because we already know the dependence of the volume of the ball on the 

radius, then  
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We indicate the relationship between the n-dimensional volume of the ball 
( )an BV  and (n – 1)- dimensional area of an (n–1)-dimensional sphere ( )anS ω . From 

geometric considerations, it is clear that, by analogy with the volume of an n-
dimensional ball, for (n–1)-dimensional sphere ( ) ( ) n

n
n

n
an SaSaS 1

1
1 −− =ω=ω . From 

the definition of a derivative ( )( ) ( )anan SBV ω=′ , here the derivative is taken along 

the length of the radius а.  
Therefore 
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and therefore , nn SnV =  – relationship between the volume and area of a single n-

ball. 
The well-known Euler-Poisson integral  

π== ∫
∞

∞−

− dxeI x2

. 

We calculate the n-degree of the Euler-Poisson integral, first replacing it with 
a multiple integral over the entire space nR , and then we reduce it to a repeated 
integral, and take the first integral over the (n – 1) -dimensional sphere of radius r, 
and then integrate over r from 0 to ∞. 
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then we obtain the following equality. 
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The integral, in the last equality, is reduced to a gamma function by means of 
a replacement. 
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We obtain the equation for nS , solving it, we find 
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Since nn SnV = , then  

( )







 +Γ

π=







 +Γ

π=







 +Γ

π=







Γ

π==
1

2

...
)),...,((;

1
2

;
1

22

2 2
1

1

222

n
aa

aaGV
n

a
BV

nn
nn

S
V

n

n
nn

n
n

an

nn

n
n . 

Note that the formula for the surface area of the ellipsoid is absent here. 
However, back to the volume of the n-dimensional ball. For the cases of even 

and odd n, we obtain the formulas 
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The first three meanings are well known. 21 =V , ≈π=2V 3,141593, 

≈π=
3

4
3V 4,18879. 

We write four more values ≈π=
2

2

4V  4,934802, ≈π=
15
8 2

5V  5,263789, 

≈π=
6

3

6V  5,167713, ≈π=
105
16

V
3

7  4,724766. 

Note that for the dimension of space we can write down the formula 
[ ] 1−= nVn , which is true for the first three values, for the next two values there is 

equality [ ]nVn = . We will increase the dimension. The volume of a single cube 

does not change and remains equal to unity. And the volume of an n-dimensional 
ball, with an unlimited increase in dimension, tends to zero. This follows from the 
fact that factorial grows faster than any power function. So, if we consider the 
volume of an n-dimensional ball as a function of the dimension of space, then as n 
increases, this function tends to zero. This function has only one extremum n = 5. 

The probabilistic meaning of this fact is as follows. If a point is randomly 
thrown into a single n-dimensional cube containing a part of an n-dimensional ball 
lying in the first orthant, then the probability that we get into the ball tends to zero 
with increasing dimension. 
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