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JIMHAMUYECKHUE B3AUMOJIEMCTBUS MEXKITY DJIEMEHTAMHU
MEXAHUYECKHUX KOJIEBATEJBHBIX CUCTEM. BO3MOXKXHOCTHU
OLEHKU CHJIOBbBIX TAPAMETPOB

boavwakoe P.C., Muponoe A.C., /lumoe A.B., Enuceee C.B., Enuceee A.B.
HUpkymckuii eocyoapcmeernHulil yHusepcumem nymetl cooowenust, 2. Apkymck

KioueBble c10Ba: MexaHHYeCKUE KojeOaTebHbIe CUCTEMa, CTPYKTYPHBIE CXEMBI, PEaKIIMU CBsI3eH,
napaMeTpbl AUHAMHYECKOTO COCTOSTHUS.

AHHOTanusl. PaccMaTpuBaroTCs BOINPOCH UCIOJIB30BAHUS PEAKLMM CBA3EH KaK KPUTEPUS OLEHKU
JTUHAMHYECKOTO COCTOSIHUS MEXaHHWYeCKHX KojebarenbHbIX cucTema. Ilpeanmaraemblii Moaxon
OCHOBAaH BO3MOXHOCTSIX MPEOOpa3oBaHMs CTPYKTYPHBIX CXEM SKBHUBAJICHTHBIX B JAMHAMHYECKOM
OTHOIIEHUH CHCTEM AaBTOMATHYECKOro yrmpaBieHUs. TpaHchopmanms TakuX pacueTHBIX CXEeM
MO3BOJISIET BBIJICIIUTh B MEXaHUYECKON KONEOATENbHOW CHUCTEM OOBEKT 3allMThl U OTPHULIATEIEHYIO
0o0paTHYIO CBsI3b, SBISIONIYIOCS AMHAMUYECKOW peakuuei. [IpuBeneH psn nmpuMepoB aMIUIMTYIHO-
YaCTOTHBIX XapaKTEPUCTHK, MTOJYYEHHBIX MPU Pa3INYHbIX 3HAUEHUAX KECTKOCTH OJHOTO U3 YIPYIHX
3JIEMEHTOB.
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Abstract. The use of responses of constraints as a critdoorestimating the dynamic state of
mechanical oscillatory systems is considered inditigle. The proposed approach is based on the
possibilities of transforming the structural diagsaof the dynamically equivalent automatic control
systems. The transformation of such computatiochkemes makes it possible to isolate in the
mechanical oscillatory system the object of pratectind negative feedback, which is a dynamic
reaction. A number of examples of amplitude-fregquyecharacteristics obtained for different values
of the stiffness of one of the elastic elementsgaren in the paper.

Introduction

In solving the problems of the dynamics of machiaad equipment under the
influence of vibratory external influences, in pautar, in problems of vibration
protection, the coordinates of objects whose fraquelependences are revealed in the
frequency characteristics of the system are uswagd as parameters of the dynamic
state [1+3]. The transfer functions of mechanicatilbatory systems reflect the basic
properties of systems associated with the condidaraf dynamic effects such as
resonances, dynamic damping of oscillations, et al.

At the same time, the notion of dynamic reactiohg€anstraints arising at the
points of connection of the elementary links of slyggstem with each other, as well as at
points of contact with supporting surfaces and dbgct of protection, are of great
importance: Some features of the determinationyofachic reactions in mechanical
oscillatory systems were reflected in [4, 5].
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In the problems of vibration protection of techiighjects within the scope of the
structural theory of oscillatory systems, the caaist reaction is interpreted as an inverse
negative relationship in the structural diagranthef dynamically equivalent automatic
control system. In this case, the protection obgatterpreted as an integrating link of
the second order, and physically, the inverse negabbnnection corresponds to the
representation of the unit dynamic stiffness ofgbreralized spring [6].

To a lesser extent, the properties of the reactdreonstraints arising at points
of contact or connections of elements of a meclarsgstem with each other are
studied. Of particular importance, in this respéstthe estimation of the values of
dynamic reactions at characteristic points of th&tesn that determine the reliability
and safety of the system as a whole. In this seéhseyalue of constraint reactions can
be considered as parameters of the dynamic stateelhas coordinates, velocities and
accelerations of the movement of the protectioeabj

In the present article, the features of the foramatof constraint reactions in
linear mechanical oscillatory systems with two @egrof freedom under the action of
harmonic external perturbations in the conceptssefof reactions as parameters of the
dynamic state of the system are considered.

I. General provisions. Peculiarities of the reseait problem formulation

The generalized computational scheme for solvirgpitoblems of the dynamics
of objects in systems with two degrees of freedsmpresented in Figure 1. In addition
to the concentrated masses and m,, the system contains elastic elements with
stiffness coefficient&y, k,, ks. The system has two support surfaces | and lichvban
perform harmonic motiong,, z. The motion of the system is considered in thedix
basis using the coordinatgs andy,. At the contact points (ppi+B), restraining (or
bilateral) constraints are assumed [7]. The egaoatfomotion of the system under the
kinematic perturbation(;=0, Q,=0) has the form of

myy + v (ke + ko) = koY = kyzg (1) + Qu (1), (1)
My, + Yo (Ko +Ks) = KoYy = kszy (1) + Q, (1). (2)
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Fig. 1. The generalized computational scheme oéehanical oscillatory system with
two degrees of freedorh;: Il are supporting surfaces; pp:B are points of contacts;
Qq, Q. are power perturbationsg;, z, are the kinematic perturbations

The corresponding structural diagrams in variousmf of a detailed
representation of the possibilities of their tramsfations are shown in Fig. 2 a+e.
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Construction of the structural diagrams requirdsaplace transformation [1, 2] with
subsequent construction of structural diagrams]j4+6
Using Laplace transforms, one can reduce (1)0(#)e forms:

mp?yy + i(ky +Ky) = koY, = kyzg + Q (1), €))

My %Y, + Vo (ko + k) — ko 71 = kaZ, + Qo (), (4)
where p =¢ is a complex variable; y 7 Q , are the images of(t), z(t) u Q(t) in the
region of Laplace transforms.

1
m [P +k, +k,

Fig. 2. Variants of representation of the strudtdragram: a is a structural diagram of

a general form, corresponding to the mathematicaleh b is a transformed structural
diagram with the exception of the coordingt@or z,= 0,Q,=0); c is a transformed
structural diagram with the exception of the cooade and the removal &f in the

feedback (atz0, Q,=0); d is a transformed structural diagram with fitrenation of a
transfer function in the form of a fractional-ratad expression in the scope of the
partial systemmp*+k, (for =0, Q,=0, Q,=0); e is a transformed structural diagram

with allocation of the protection object, as an integrating link of the second order (for

2,=0, Q,=0, Q,=0)

Fig. 2 shows the possibilities of transformationstiuctural diagrams with the
identification of the necessary elements or blookgshe general structural diagram
(Figure 2a). The determination of transfer funcsidor various types and combinations
of external influences is possible on the basighef superposition principle [1, 2].
Conventional methods of construction are relatedrudss with the selection of a
situation where one input and one output are definghe system. For linear systems
with several input effects of the same frequen@ndformations with the construction
of equivalent input influences are possible.

The research objective is to develop a method famstucting constraint
reactions at the characteristic points of a medahmscillatory system and to evaluate
the possibilities of using coupling reactions asap@eters of the dynamic state of the
protection object.

lI. Peculiar features of transformation of computaional schemes and
structural diagrams of the vibration system

Let's consider variants of transformation of compiohal schemes, choosing
various relationships of system parameters, passibhnges in the position of support
surfaces as shown in Fig. 3a—h.

44



MaremaTudeckoe u KOMIBIOTEPHOC MOACIUPOBAHUC B obnactu HpHKHaﬂHOﬁ MCXaHHUKH

m,

a) Z b 9} Z

b RN

o ya (m,+m:, f ) (m,+tn;,

4 7 4 i
).+ T4 Y. =y: A, b
£, k ks
- t L] zt % b
©) ©) @
2) @ h) @
B r B
ks k
p4: oM T4 .
7 ‘ 7
) * )z+
A4, A
k. k
A B A
' =4
©) O]

Fig. 3. Variants of calculation schemes: a is amatational scheme with divided
support surfaces; b is a computational schemetivtltombined support surfaces; ¢ —
there are no point8 andB; (ks=0); in the computational scheme; d is a computational
scheme with divided support surfacesKgr Ou ks= 0; e is a computational scheme

with combined support surfaces for—oo(y1=)»); f is a computational scheme with
divided support surfaces feg—oo(y1=y,); g is a computational scheme with divided
support surfaces fde—oo; h is a computational scheme with divided support surfaces
for my—oo andks#0 orks=0

The calculation scheme in Fig. 3a corresponds & rédpresentation of the
support surface consisting of two parts, which iegpthe action of various kinematic
perturbationsz(t), z(t) on the object of protectiomy,. From the side of the support
surfacel, the constraint reaction is formed by an elasknent with a stiffnesg;;
from the side of the surfadg a constraint reaction takes place on the prateabject
my, which at the poin#t, is formed by a mechanical chain of consecutivelynected
elements tdks, m, andk,. In Fig.3b, the support surfaceandll are combined, which
corresponds to supporting the protection objecoiy "combined vibration isolator”,
which determines the overall reaction of the caists to one support surface. For
ks=0, as shown in Fig. 3c, in the vibration protectgystem a0, (Q.=0, Q,=0) the
dynamic damping mode can appear at the protecb@com, in the kinematic form of
the external perturbation.

For k,=0 andks=0, the initial computational scheme (Fig. 3a)yasformed into
a system with one degree of freedom (Fig. 3d).Kze¢w the form of motion of two
massesm, and m, with the tendency;—y, (or y;=Y,) is formed, and the system as a
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whole is defined in the low-frequency range by gaameters of the motion of the
system with one degree of freedom€my,), (k;+ks).

In Fig. 3f it is assumed that the motion fof+m, can occur with two perturbing
factorsz; andz (Q,=0, Q,=0). In case wheRks—x, the elementn, becomes a part of
the support surfade (Figure 3f) and the system acquires one degréeedom.

A similar result can be obtained fkg#0 andm,—oo (Fig. 3h). Ifk;=0, then in
this case, fom,—, the system will also have one degree of freedothe vibrational
form of the motion.

[ll. Determining transfer functions
We use the calculation scheme in Fig. 1 and thetstral diagram in Fig. 2a. In
this case, the transfer functions are defined:

_ Vi _ k(myp® +Ky +k) _ Yo _kiks
Wi(p) === , (5) W,(p) ===——=, (6)
4 Ao ’ z A
whereA, is a frequency characteristic equation
Ao = (Mp? + Ky +1)(Myp* + Ky +kg) — k3. (7)

The kinematic perturbation in this case (the sysigninear) is replaced by an
equivalent force action

Q1= kiz. (8)
then
_ % _myp®+k, tkg _ Yo _k
W === , (YW, =—£-=-<,
3(P) o A (9) W,(p) Qe A
It is obvious thatV(p) = k\Ws(p) andW, (p) = kW, (p).

(10)

IV. Determining dynamic reactions of constraints atcharacteristic points

(pp. A+B)
The calculation scheme in Fig. 1a or Fig. 3a issaered; these schemes are

equivalent. All the relations are written in theeogtor form (;, vs).
The reaction at poirk is determined by the formula:

_ K’z 24k, +k

Ra =Ky, = 1 1(mszO 2 3), (11)
or

= _kl(m2p2+k2+k3)_ 12

RA_ At) Qeq.l' ( )

Let us introduce the concepts of the transfer foncby the constraint reaction.
The input signal is a kinematic perturbatian or an equivalent force action

C_geq_lz k,z,. We obtain two transfer functions:

W, (p) = F;A _k (msz‘;kz"'ks)  (13WE (p) = 6RA _ ki(myp pzk2+k3)'(14)
1 eg.l

From (14), in particular, it follows that the ratiof the amplitude of the
oscillations of the dynamic reaction to the equewalforce Q,, generated by the

46



MaremaTudeckoe u KOMIBIOTEPHOC MOACIUPOBAHUC B obnactu HpHKHaﬂHOﬁ MCXaHHUKH

kinematic perturbation has a form of the transterction of the system when the input
signal is considered to be a kinematic perturba#grand displacement with respect to

the coordinatey; is respectively considered to be the output sigmhls is easily

verified by structural diagrams in Fig.2.

The reaction at point; is formed as a result of deformation of a linelastc
element (spring) with stiffneds. In this case, we can assume that the statemet “a
est reactio” is valid,

Ra=—Ry,, (15)
that is, the reactions are equal in magnitude aadlaected to the opposite sides (in
accordance with Newton's third law). However, hass-and-inertia element is placed
between the pointd andA,, or the mass-and-inertia properties of the spitisgf are
taken into account, then such a condition is ngéosmobserved. Let us turn to the
calculation scheme in Fig. 3a. It should be noked the mass-and-inertial element
Is supported as follows.

One leg of the support is an elastic elemientvith fixing points A and A,
respectively, to the support surfacand massn. The second branch is formed from
the successive interconnections of elastic elementa mass-and-inertia elemems
and an elastic element with stiffndgs Accordingly, the branch has contact points at
point B with the support surfadg and at poinf, with massm,. In this case:

Ra, # Rg. (16)
The reaction at point B can be found
ﬁB = K3, :M_ (17)
Ay
We get two transfer functions:
, Ry _ kikok ; Ry kok
WRB(p)Zi:—l2 3,(18) %B(p):_RB =23 (29)
Z A Qg1 A

The reaction at poinB;, where the springs is in contact with the mass-and-
inertia elemenin,, will be determined:

Rs, = Rs. (20)
To find the reaction at poi,, it is necessary to find the unit stiffness atnpoi
A,. It is at this point that the second brankf K, mp,) has contact with the elemant.
The unit stiffness will be:

- kZ(nZ]Z p2 + k3) . (21)
M, P~ +k; +kg

The unit stiffness reflects the dynamic stiffnefthe successive chain consisting
of ks, mpp” andk,. The features of this approach are presented imographs [1, 2]. A
similar result can be obtained using the structarahsformations of the original

structural diagram in Fig. 2a. In this case, ontthasformed structural diagram in Fig.
2c in the negative feedback chain with respechéoprotection object with the transfer

: 1 : .
function ————, has a corresponding transfer function.

mp° +ky
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_ _ ko (myp® +kj)
Wio(P) = Kaus P2+, + kg (22)
The expression obtained in this way completely cdies with the expression
(19) for unit stiffness.
Knowing the unit stiffnesknys,, we find the dynamic response at point

- o _kk 2 +Ks)Z
Ry, = Kauss = 12(ngO 3) 1 (23)

We introduce the transfer function for the dynaneiaction at poin#,
: Ra, _ kik 2 +k , Ry, _k 2 +k
WﬁA (p)= _A2 | Z(ran 3)’ (24)W§A (p)= _A2 — Z(ran 3). (25)
2 4 AO 2 Qeq.l AO
The dynamic reaction at the protection object, ibatin the mass-and-inertia
elementmy, is determined by summing the reactions at pointsndA..

Thus,

R (P) =Ry + Ry, = ke[ K (Mp P? + Kp + Kg) + ko (Mp p? + k)]
2

A
or
Ry (P) = ko (kg +Ka)M, p? + ki (Kp +kg) + Kikoks 2 (26)
A
Accordingly, we obtain the transfer functions foe imass-and-inertia elememnt

WS (p)= Rr, (P) _ ki(kg tky)m, P + ki (Ky +kg) + kikoks (27)
R Y] Ao |

Wz (p) = Ry, (P) _ (kg tky)my P? + k(Ko +kg) + Kok (28)
fn Q Ao |

eg.l

Similarly, we can find a dynamic reaction that agageon an element of mass.

In this case, we can imagine that the masgeflects two elastic branches at
points B; andB,. The dynamic reaction at the pomit is determined by the expression
(21). In turn, the second branch is formed by ahaaal chain of the consecutively
connected elements, mlp2 and k,, which allows, in accordance with the rules of
transformation of mechanical circuits, finding tnat stiffness at the poiri;

k 2 +k
szUS — Z(nqup 1) . (29)
m p* +k; +k;
From (29) we determine the dynamic reaction apthiat B,
= Kk (myp? +k;)Z
R82 — kBZUS sz - " Z(nqlp 1) 1 (30)

(Myp® +kg +ko) Ay
The transfer functions of dynamic constraints atghintB,take the form:
R 2 2 R 2 2
- B, = k1k2 (rn.l.p +k1) 1 (31)W%B — _RBZ - k2 grn_l_p +k1) . (32)
2 Qua  (Mp”+k +ko)Ay

WL
Rz (mp?+k ko)A
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The total dynamic reaction formed on the mass-aedia elementm, is
determined as the sum of two dynamic reactiBgs and Rg;. Thus, we finally write
down that

5 5 .5 _ kikozl(ky +Kks)m p® +ka(ky +Ky) + ks (o]
= + = . (33
Ry, (P) =Rg, *+Rg, (M2 ek + (33)
The transfer functions of the dynamic constraints the mass-and-inertia
elementm, will take t_he form:

_ Ry, _ kikol(kp + ka)Myp” + K(ky +Ky) + ki ] _

Wr 34

g (mpp? + kg + ko) Ay ©9

wg, = P - bellle +6) P (s o) k] @)
Qeq1 (myp~ +ky +Kky) [A

Preliminary analysis (35) allows establishing theperties of the amplitude-
frequency characteristic (AFC), which are determibg the fact that:

1. The dynamic reactiorR , takes extreme values three times (twice at
frequencies of natural oscillations or at resongnemd also at the partial frequency
=Xtk )i

m

2. At the oscillation frequency determined from fihequency equation of the
numerator (35), a mode of the dynamic mode is fdrmehich could be called the
"zeroing of the dynamic reaction”; in addition, tfeequency is defined by the
expression

o2 = Ktk Higl(k +kp)

my [k, +Ks3)

(36)

Conclusion

1. Dynamic constraint reactions can serve as paemef the state of a
mechanical oscillatory system as well as known foahestimation based on the use of
kinematic parameters.

2. The dynamic reaction of the constraints at #lecded point of the system is
defined in the operator form as the product of dieplacement by the unit dynamic
stiffness and carries information about the feawe the resonance modes and the
dynamic damping of the oscillations.

3. Methods of structural transformations are pregofor obtaining dynamic
reactions, which are based on the use of the paeasnef the feedback chains formed
with respect to the selected mass-and-inertia elesne

4. The effect of the maximum of the constraint tiesicis discovered, which is
physically treated as an increase in the unit dyoastiffness at the frequency
corresponding to the mode of dynamic damping oillasons.
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